Composition operators and multiplication operators between two Orlicz function spaces are investigated. First, necessary and sufficient conditions for their continuity are presented in several forms. It is shown that, in general, the Radon-Nikodým derivative
Introduction
Since the early s composition operators have been a subject of study of many mathematicians or physicists. At the beginning they were used to solve problems in mathematical physics and classical mechanics [ . The multiplication operator has also been a subject of research of many mathematicians (see for instance: [-]). For more details as regards the historical background we refer the reader to [] . Let ( , , μ) be a non-atomic, σ -finite and complete measure space and let τ : → be a measurable function, i.e., a mapping such that τ - (A) ∈ if and only if A ∈ for any
A ⊂ , where τ - (A) is the counterimage of A. In the whole paper we will assume that τ for any t ∈ and any x ∈ L  ( ).
Let w ∈ L  ( , , μ) be a strictly positive function. We define the multiplication operator
for any t ∈ and any x ∈ L  ( ).
It is obvious that
Remark . We do not assume, if not specifically stated otherwise, that the mapping τ is a surjection, i.e., τ ( ) = .
A function : R → R + = [, ∞) is said to be an Orlicz function if is convex, even, continuous, vanishing only at .
The complementary function in the sense of Young to an Orlicz function is defined to be the function 
for some λ >  depending on x. The Musielak-Orlicz space equipped with the Luxemburg norm Throughout the paper, we will make use of Ishii's theorem from [] .
for all ξ ≥  and a.e. t ∈ .
For any A ∈ , by I (x, A) we mean the value of the modular I at x in the Orlicz space L (A) generated by the Orlicz function over the measure space (A, ∩ A, μ| A ). In the case when A = , we will write I (x) instead of I (x, ).
Continuity of the composition operator
We are interested in finding necessary and sufficient conditions for the continuity of the composition operator c τ from the Orlicz space L ( ) = L ( , , μ) equipped with the Luxemburg norm into the Orlicz space L ( ) = L ( , , μ) endowed with the corresponding Luxemburg norm. The following fact will be very helpful.
Theorem . If the quadruple , , h, τ satisfies the condition
Assume that x ∈ L ( ). Applying condition () and Fact ., we obtain
which finishes the proof of the first part of the theorem. Now assume that μ( \τ ( )) = . If the inclusion in the assumption of the theorem fails to hold, then there exists a function x belonging to L (τ ( )) = L ( ) but not belonging to L h (τ ( )). In virtue of Fact ., we obtain x ∈ L ( ) and, simultaneously, c τ x / ∈ L ( ),
The preceding theorem can be formulated in a different language, which in some situations might be more useful. 
and χ is the function complementary in the sense of Young to the function
then condition () is necessary for the continuity of c τ .
Proof It is not too difficult to see that , , and h satisfy condition () if and only if
dμ is essentially bounded. Moreover, it is easy to see that the integral () can be finite for some h / ∈ L ∞ (τ ( )) if and only if the function χ has only finite values (for the case when = see [] ; the proof in the case when = is similar).
The next theorem states a necessary and sufficient condition in order that χ is such a function.
= ∞ and so
Take an arbitrary v > . In virtue of the last equality, there exists
as a supremum of a continuous function on a compact interval. Necessity. Assume that lim inf t→∞
< ∞ for K > , and so there exist c >  and a sequence of positive numbers (u n ) ∞ n= such that u n → ∞ as n → ∞ and lim n→∞
can be found such that for n ∈ N large enough we have
Therefore, taking v > c , we get
for n ∈ N large enough, whence
which finishes the proof of the theorem.
Now we show that if the function χ from Theorem . assumes only finite values, i.e., 
fort ∈ A n with n ≤ m, t u n , for t ∈ A n , where n > m.
Let us define
By inequalities () and (), we get
. By formula () and the definition of v n , we have
In virtue of Theorem ., we conclude that the composition operator 
Proof Obviously, the condition μ( It is interesting and profitable to observe that the preceding theorem can be written in the following form.
Theorem . The composition operator c τ acts continuously from L ( ) onto L ( ) if and only if μ( \τ ( )) =  and for some K >  the following two conditions are jointly satisfied:
( 
Proof In the proof of Theorem . we already showed that condition (i) from Theorem . is equivalent to condition (). So, the proof will be finished if we show that condition () is equivalent to condition (ii) from Theorem .. It is easy to see that condition (ii) is equivalent to the fact that q ∈ L  + ( ), where
for all s ∈ . Since h(s) =  for μ-a.e. s ∈ , we have
* is the complementary function to the function • K - , which finishes the proof.
3 Continuity of the multiplication operator M w from L into L and from L onto L
We will state criteria in order that M w map L ( , , μ) into L ( , , μ), where and are distinct Orlicz functions. Note that M w x ∈ L ( , , μ) means that there is λ >  such that I (λw(t)x(t)) = (λw(t)x(t)) dμ(t) < ∞. This is equivalent to the fact that x ∈ L w ( , , μ), where L w ( , , μ) is a Musielak-Orlicz space generated by the MusielakOrlicz function w (t, u) := (w(t)u). Let us begin with the following. 
holds for all t ∈ \ A and all u ∈ R. It is easy to see that this is equivalent to the fact that for some K >  the functionh K defined by the formulã
is integrable over . In fact,h K is the smallest function such that condition () holds with
, we get 
is, for fixed t ∈ , the function complementary in the sense of Young, with respect to u, to the function
Proof It is obvious that M w maps L ( , , μ) onto L ( , , μ) if and only if μ( \ supp w) =  and {w(t)x(t) : x ∈ L } = L ( , , μ). The space on the left-hand side of the last equality is the Musielak-Orlicz space L w ( ), where w (t, u) = (
The preceding theorem established that the first inclusion is equivalent to condition (i). We need only to prove that the reverse inclusion is equivalent to (ii). However, by Ishii's theorem, the inclusion L w ( ) ⊂ L ( ) holds if and only if there is a constant K > , a set A ∈ with μ(A) = , and
for all t ∈ \ A and u ≥ . The last condition is equivalent to the condition
But note that
where U K (t, u) is, for fixed t ∈ , the function complementary in the sense of Young, with respect to u, to the function M(t, u) = (Kw(t) - (u)). This finishes the proof.
Compactness of the composition operator c τ from one Orlicz space into another
We begin with some notions that will be useful in the following. Let ( , , μ) be a nonatomic, complete and σ -finite measure space. We say that functions in a set A contained in the Musielak-Orlicz space L ( ) have equi-absolutely continuous norms if for any real number ε >  there exist a set B ε ∈ with μ(B ε ) < ∞ and a real number δ = δ(ε) >  such that for any function x ∈ A we have xχ \B ε < ε and xχ B < ε whenever B ∈ ∩ B ε and μ(B) < δ.
, μ) be distinct Orlicz spaces. We say that the operator T : L ( ) → L ( ) is equi-absolutely continuous if for any bounded set A ⊂ L ( ) all functions of the set T(A) ⊂ L ( ) have equi-absolutely continuous norms.
We will make use of the following theorem which gives necessary and sufficient conditions for the relative compactness of a set of functions in a Musielak-Orlicz space. 
Theorem . (Theorem . in []) Let ( , , μ) be a non-atomic σ -finite measure space and let ϕ be a Musielak-Orlicz function. If the functions in a set
The following theorem will be of great importance in proving necessary and sufficient conditions for the compactness of the composition operator c τ : L ( ) → L ( ).
Theorem . Let ( , , μ) be a finite or infinite but σ -finite non-atomic and complete measure space and τ be such that μ(τ - (A)) < ∞ whenever μ(A) < ∞ for any A ∈ ∩ τ ( ).

Then the composition operator c τ : L ( ) → L ( ) is equi-absolutely continuous whenever the following condition is satisfied:
∀ σ > ∃ A∈ ∩τ ( ) μ(A)= ∃ g σ ∈L  + (τ ( )) ∀ s∈τ ( )\A ∀ u≥ (u)h(s) ≤ (σ u) + g σ (s). ()
Condition () is necessary for the equi-absolute continuity of c τ if μ( ) < ∞.
Proof Sufficiency. First we prove that for any ε >  there exists a set D ∈ with μ( \ D) < ∞ such that all the functions in the set {c τ x : x ∈ S(L )}, where S(L ) is the unit sphere of L , satisfy the condition (c τ x)χ D < ε. Let σ >  be a number such that ( + σ )σ < ε and let g σ be a function from condition () corresponding to σ . Since g σ ∈ L  + (τ ( )), there exists a set C ∈ ∩ τ ( ) such that g σ χ C < σ and μ(τ ( )\C) < ∞. Defining D = τ - (C), we have for any function x ∈ S(L )
By () we get
, which finishes the first part of the proof. Now we show the following implication:
where D is the set from the first part of this proof.
Now, by convexity of the modular I and the fact that I vanishes at zero we have I (λx) ≤ λI (x) for any x ∈ L ( ) and λ ∈ [, ]. From this fact and from (), we get
Hence (c τ x)χ B ≤ ( + σ )σ < ε. Since σ depends only on ε, δ = δ(σ ) depends only on ε, and so the proof of sufficiency is finished. Necessity. Assume that μ( ) < ∞ and for any σ >  define the function
Let {r i } ∞ i= be a sequence of all non-negative rational numbers with r  = . By the continuity of the Orlicz functions and , we have
Let us write
It is obvious that h σ  ,n ≥  and h σ  ,n are measurable functions such that h σ  ,n h σ  as n → +∞ μ-a.e. in τ ( ). By Beppo Levi's theorem, we have
Hence there exists a subsequence {h σ  ,n k } ⊂ {h σ  ,n } satisfying
Without loss of generality we may assume that τ ( ) h σ  ,n (s) dμ(s) ≥  n for each n ∈ N ∪ {}. It is clear that for each s ∈ τ ( ) and each n ∈ N∪{} there exists r n (s) ∈ {r  , r  , r  , . . . , r n } such that
Applying Lemma ., we conclude that there is a sequence of sets
Letr n (s) = r n (s)χ n (s). Sincer n are bounded measurable functions and h ∈ L  (suppr n ),
we getr n ∈ E h ( ) with r n ,h =  andr n ∈ L ( ) for any n ∈ N ∪ {}.
Since, by assumption, μ( ) < ∞, we have
This means that {r n } +∞ n= does not have equi-absolutely continuous norms in E h ( ). Yet, using the fact that g σ  ,n ≥  (n ∈ N ∪ {}), we get the following:
, which means that the operator c τ : L ( ) → L ( ) is not equi-absolutely continuous. Hence we proved that condition () is necessary for the equi-absolutely continuity of c τ .
From Theorem ., applying Theorem . and the definition of a compact operator, we directly get the following. In the case when has infinite measure, we were unable to show that () is a necessary condition for the equi-absolute continuity of the composition operator c τ . Instead, we can deduce a slightly different (and weaker) condition, as the following theorem states. 
is satisfied.
Proof We can assume without loss of generality that τ ( ) = . First, notice that if , , and h satisfy condition () then L ( ) ⊂ E h ( ), where
is the subspace of absolutely continuous elements of L h ( ). The inclusion results from the assumption that c τ is an equi-absolutely continuous operator, i.e., for any bounded set A ⊂ L ( ), the functions of the set c τ (A) ⊂ L ( ) all have equi-absolutely continuous norms, and the observation that, for any x ∈ L ( ), the singleton set {x} is bounded, and thus x has an equi-absolutely continuous norm, which means that x is an absolutely continuous element of L h ( ), i.e., x ∈ E h ( ). Further, observe that 
which finishes the proof.
From the preceding theorem, applying Theorem ., we can deduce the following necessary condition for the compactness of the composition operator c τ : Proof of Remark . Assume that there exists ε >  such that the measure of the set B ε is positive. Then in the set B ε we can find a sequence of measurable and pairwise disjoint sets {B n } in τ ( ) having positive and finite measure. Define
Obviously, I (x n ) = , so x n =  for all n ∈ N. We have
i.e., c τ x n ≥ ε x n = ε because x n = . Since the supports of x n are pairwise disjoint, for all n, m ∈ N, m = n we get
Hence the sequence {c τ x n } ∞ n= has no Cauchy subsequence, that is, c τ (S(L ( ))) is not relatively compact. Consequently, no composition operator c τ from L ( ) into L ( ) over a non-atomic measure space ( , , μ) is compact. Theorems . and . resemble closely the sufficiency part of Theorems . and . for the composition operator. Similarly, we will formulate necessary conditions for the equiabsolute continuity of the multiplication operator: one in the case when μ( ) < ∞ and the other in the case when μ( ) = ∞. The respective proofs proceed along the lines of the proofs for the composition operator, and therefore will be omitted. The respective necessary conditions for the compactness of the multiplication operator are analogous to the ones for the composition operator from Theorems . and ..
